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Cosmological gravitons and the expansion dynamics during the matter age
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Extending previous resul{$hys. Rev. D66, 6351(1997], we estimate the back reaction of cosmological
gravitons in expansion dynamics, during the matter age. Tensor perturbations with scales larger than the
Hubble radius are created due to the inequivalence of vacua at different times. During noninflationary phases
these perturbations become effective gravitational waves as they enter the Hubble radius, adding new contri-
butions to the energy density of the subhorizon waves. During the radiation epoch the creation of these
effective gravitons may lead to a departure from the standard behatiprt*2, with possible consequences
to several cosmic processes, such as primordial nucleosynthesis. We examine the implications of this phenom-
enon during the matter-dominated era, assuming an initial inflationary period. The dynamical equation obeyed
by the scale factor is derived and numerically solved for different values of the relevant parameters involved.
[S0556-282(199)08420-9

PACS numbg(s): 04.30.Nk, 04.30.Db, 04.62v, 98.80.Cq

[. INTRODUCTION leave the Hubble radius during inflationary periddscreas-
ing pg). In Ref. [1] we have shown that the scale factor
In a recent papdl], we have studied the back reaction of would turn froma(t)«t'?to a(t)t only if y— 2/3. Several
cosmological gravitons on the cosmic dynamics during thenodels with the universe evolving linearly with time during
radiation epoch. The analysis was based on the followingts early phases have been proposed, most of them related to
reasoning: the inequivalence of vacuum states at differendtring-motivated cosmologieidl5,16. A universe evolving
moments of time leads to the production of tensor perturbatinearly with time during most of its history would lead to
tions in scales larger than the Hubble lenfth-10]. During  important observational consequences, such as those related
noninflationary periods of expansion, these very long tensofo the age of the universe, to the luminosity-distance — red-
perturbationgVLTP’s) become effective gravitational waves shift and the angular-diameter-distance—redshift relations,
(EGW's) as they enter the Hubble radius, thus adding newand to the galaxy number count as a function of the redshift
contributions to the energy density associated with the sug17,1g (see alsd19]).
horizon wavespy [1-5,11,12. Such a phenomenon can be  We should remark that, in order for the mechanism of
studied as a process of the “creation of effective gravitons”graviton creation to take place, no “exotic” physics has to
by using the macroscopic formalism to matter creation basege assumed. It only requires the validity of quantum mechan-
on the thermodynamics of open systej8,14. In order to  ics and of general relativitj20] or other related gravity theo-
deal with the process, a creation pressure term is introduceges, such as scalar-tensor theor{@s21]. Therefore, the
in the continuity equation obeyed Ipy;. A dynamical equa-  study of the possible influence of the cosmological gravita-
tion for the scale factoa(t) is then derived which takes into tional waves in the expansion dynamics has an importance
account the effective graviton back reaction. A comprehenon its own, a fact that has not been fully appreciated in the
sive explanation of this approach can be found in R&f, literature. By “mechanism of graviton creation,” we mean
where the equation foa(t) was numerically solved for a here the quantum mechanical mechanism of the generation
model in which the universe evolves from an arbitrary initial of tensor perturbations, due to the inequivalence of vacuum
phase to a radiation-dominated era. In that reference, it wastates at different moments of time. Those are the ones re-
found that, if the barotropic index of the equation of state ferred to at the beggining of the first paragraph and include
in the first epoch is close to 2/3, the back reaction of thethe perturbations created in scales larger than the Hubble
effective gravitational waves makas¢t) deviate appreciably radius, which we have named “very long tensor perturba-
from the standard behaviar(t)st'/2. tions.” This mechanism should not be confused with the
In the present paper we extend our analysis to the mattetatter transformation of the VLTP’s into “effective gravita-
dominated period of the cosmic expansion. In particular, weional waves,” during noninflationary eras, which may be
aim to check a conjecture stated by Safifl], according to  regarded as a “creation of effective gravitons.” In order to
which the process mentioned above would ultimately leachvoid any further confusion, whenever we speak of “gravi-
the universe to expand linearly with tinpa(t)o<t], since the  ton creation,” we will be referring to the former mechanism,
tensor perturbations would enter the Hubble radius duringvhereas the latter will be identified by the expression “cre-
noninflationary periods of expansiofincreasingpg) and  ation of effective gravitons.”
Another source of confusion may be the expression “mat-
ter creation” referred to in the first paragraph. We do not

*Electronic address: mrgm@dfte.ufrn.br deal, in the present paper, with scenarios wiraedter cre-
"Electronic address: carvalho@dfte.ufrn.br ation (as opposed tgravitoncreation occurs. What we do is
*Electronic address: alcaniz@dfte.ufrn.br to use the macroscopic formalism of matter creation based
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on the thermodynamics of open systeh3,14] to model the Il. BASIC EQUATIONS
transformation of VLTP’s into EGW's. As the very long We will consider a homogeneous and isotropic universe,

gravity wave perturbations enter the Hubble radius, they ad%r which the background line element takes the Friedmann-
new contributions to the energy density of the Subhorizor\?obertson-WaIke(FRV\I) form

waves. This mimics the creation of what we have called
effective gravitons. This “creation” is described using the ds?=dt?—a?(t)dI1?=a?(y)(d»>—dI?), 1)
formalism mentioned abovéFor self-contained descriptions

of both the macroscopic formalism of matter creation and ofvheret and  are, respectively, the cosmic and conformal
the quantum mechanism of graviton creation see Secs. Il arines, related by
Il of Ref. [1], respectively. See also Sec. Il below for a short

description of the latter mechanism.

It is also important to realize that inflation i@t a neces-  We will restrict ourselves to the spatially flat case. If the
sary condition for graviton creation to occurr, although it is apressurgp and energy density of the cosmic fluid are re-
sufficient one. In fact, there seems to exist a widespread midated by the equation of state
conception in this respect, which is continuously reinforced
in the literature by expressions such as “gravitational waves p=(y=1p, ©)
from inflation,” “inflation generated gravitational waves,”
and so on. Note that the early work by Grishchuk on thethen the scale factor i}
mechanism of superadiabatic amplification of gravitational
waves was first published in 19732], well before the idea a(t)=ao
of inflation was put forward by Guth23]. Grishchuk has
also addresse_d this point in RE20]. The gravita_tional field  whereH,=H(t,) andH=a/a.
of the expanding universe acts as a “pump” field that sup- e will further assume that the universe evolves from an
plies energy to the zero-point quantum fluctuatif®@. This  injtial arbitrary era /=1y) to a radiation-dominated phase
a dynamical, not a kinematical, effect and is related to thgy=4/3) and then to a matter-dominated perigg=(1).
lack of conformal invariance of the gravitational wave equa- As the inequivalence of vacua appears at different instants
tion [22,24). It does not happen, for instance, for photons,of time, we will focus on the time-dependent amplitude of
even in inflationary eras, since the electromagnetic wavéhe tensor perturbations(k, %), which obeydq1,3,4]
equationis conformally invariant(unless we relax the as-
sumption of minimal coupling between the gravitational and w(K, )+
the electromagnetic fielfi25—-28). The conditions for the ’
occurrence of superadiabatic amplification has been e
plained in detail by Tavares and Maia in REZ4]. As for its
guantum counterpart — graviton creation — see, for in-
stance, the early paper by Ford and Pafldel]. A careful

dt=adz. 2

3yHy

1+ =5 (t-to)

2/(3y)
} ’ (4)

”n

k2

- g) p(k,7)=0. ©)

>Tn the above equation the primes indicate derivatives with
respect to the conformal time ardis the comoving wave
number, related to the physical wavelengttand frequency

analysis of the formalism used by Allg2], Abbott and « by
Harari [6], and Allen and Korand47] will convince the 2mra
reader that there is nothing intrinsically “inflationary” in the k= ~ wa. (6)

mechanism of graviton creation, in spite of the fact that these

three last references deal with inflationary scenarios. This The spectrum of the EGW’s can be described by the
point is made explicit by Maid3], Maia and Barrow{4],  quantityPy(w), defined in such a way th&y(w) dw repre-
Maia and Lima[5], Tavares and Maig24], and Maia, Car- sents the energy per unit volume between the frequenties
valho, and AlcaniZ 1]. In particular, there is graviton cre- and w+dw [2—4]. Note that this quantity can be defined
ation due to the transition from a radiation-dominated to aonly for the EGW’s[2,11], i.e., for those perturbations such
matter-dominated erésee, for exampld2,7,17). Neverthe- that
less, the existence of an early inflationary epoch remains the -1
best motivation to study such perturbations. Accordingly, in ASAy=H"" @

the present paper, we will assume that the universe Wenh the units used in this paper and assuming an initial

through an accelerated phase during its early stages. vacuum stateP () is given by[2—4]
The paper is organized as follows: In Sec. Il we present ¢

the basic equations related to the spectrum of cosmological w3
gravitational waves. In Sec. Il we derive the dynamical Pg(w)=—(N(w)). )
equations that govern the expansion dynamics during the .

matter age, taking into account the graviton back reaction. I the above equatiotiN(w)) is the expectation number of

Sec. IV we show the numerical solutions of these equationg,e gravitons with frequency which is found to bd1-4]
and present our conclusions.

The system of units used is such that c=kg=1. (N(w))=|B(K)|?, ©)]
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whereB(k) anda(k) (see beloware the Bogoliubov coefi- N(K)).=(0 N, (k)0 _ 12, 16
cients relating the creation and annihilation operatasich (NI = (0 1) Niey ()10r 1) = B+ (K| (16)
define the particle statesof different eras. Note that a Therefore, the vacuum stal®, 1)) is a multiparticle state

vacuum state at an early epoch may appear as a multiparticignen we use the definition of particles appropriate for the
state at late epochs. This is the essence of the quantughochy,> 7, .

mechanism of particle creatiofgraviton creation in the If we impose the continuity o, 1, and)), and of their
present case and inflation is not a necessary condition for first derivatives aty, , we find the Bogoliubov coefficients to
this to occur{1-10]. be[3,4]
To see this more clearly, leg, denote the time at which
the universe suffers a transition from a phase where the baro- a,(K) =i [Mz})(k, 70) - 1y(K, 7¢)
tropic parameter ig, _; to a phase where this parameter is
v, and let u((7) be the solution of Eq(5) for <7 = -1 (K 70) i (K 7)1, 17)
<m,,1, representing the properly normalized adiabatic
vacuum stat¢8,9] in this time interval. Then the modes Br(K) =1 [ —1)(K, 70) iy (K, 7)
mie—1)(K,7) — iy (Ko7 mge—1y(K 7)1 (18)
Y-k =22 (<) (R A e
ag-1(n)

(See[1,3,4] for details)
If the scale factor is given by E@4), then the solution of

- am(n) Lar(K) pry(ki ) Eq. (5), representing a properly normalized adiabatic vacuum
. state, i[1,3,4]
+B:(K) uin (ko] (9>n) (10 =
aa
and Ry (K m) = e k) Hi Xy ()], (19)
Vi (K, 7)= —————[a* (K) wir—1y(K, 7) where, is an arbitrary constant phaéehose value is irrel-
© ag-1)(m) " " - evant for the evaluation of the Bogoliubov coefficignts(z)
—B(K) (k)T (<7, is the Hankel function of second kind and oraer[29], and
K (ki7) Xey(m=K(7= 1), (20
=— > 11
define two quantizations of the field associated with two dif- my=q;— PR (21)
ferent Fock space$An asterisk indicates the complex con-
jugate of a quantity.It is important to bear in mind that the 2
associated operators in each case represent physical particle ar (22

observables only inside their respective eras. Moreover, 3vi—2
_ Similar results apply to the solutiom, _1y(k, 7). (Although
_n(k,p)=«a,(k k,7)+ B, (k K,7). (12 A (r-1) !
Ve-n(kom)=an (k) Yy (ko) + B:(K) Vi (k) (12) the above solutions do not apply fei=2/3, a possible way
The annihilation and creation operators of the two quantizafof defining adiabatic mode solutions in this case can be

tions are related by a Bogoliubov transformation: found in[30].) o _ _
We will denote bya,, B4 the coeficients associated with

A (K)=a.(K) A (K + B85 (KA. (=K, (13 the first transition from an arbitrary phase to the radiation-
(k)= ar (k) Ay (k) B (k) Ag (=), (13 dominated era, and by,, 3, those related with the transi-
tion from the radiation to the matter-dominated epoch. The

A(rfl)(hk): oy (K) A(r)(R)_ﬂf(k) A?n(—“'i)- (14 coefficientg is then given by[2]
[The symboik indicates K;k) and —k stands for K; —k), B=Bo(K) ay(K) + a (K) B1(K). (23)
where K represents one of the two possible polarization
states of the gravitational wavéSW's).] The total energy density associated with the tensor pertur-

As a result of Eqs(13) and(14), the vacuum state at the pations is obtained by integratiry(w),
region ¢ —1), Iabeledlo(r_l)), is annihilated byA, ) but

not byA. If N(r)(l?) is the number operator for the mokie [

at stage ), py(t)= o Py(w) do, (24)
N K =AlK) Ap k), (15  where

then(4,8,9 wmin(t)=27H(1). (25
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This infrared cutoff is obviously related to the condititf) A a2
and, since it is time dependent, it is the origin of the process 87G (Pmtpgt+Ily) = —25 -
of the creation of EGW’s. In a FRW scenario, it will be a
responsible for the fact thaty does not decay witlh 4, as .
one could expect for a massless particle such as the graviton. Ngt3HN=Vg, (29)

The integral in Eq.(24) is usually written with a finite oo o )
upper limit. This is done because the above method for Obwhere_ th_e overdots_ indicate derivatives with res_pect to the
taining the spectrum, based on the sudden transition approxfoSmic time,p,=0 is the pressure of the dust fluid, ang
mation between cosmic eras, does not give accurate resuf§d ¥ are the number density and creation rate of the ef-
for high frequency waves. In fact, it is reliable only for those fective gravitons, respectively. This last equation is the_: novel
waves whose periods are much greater than the transitio@$Pect introduced by the phenomenological formalism to
time scaleg4,24). However, because of the adiabatic theo-Particle (in this caseeffectivegravitons creation[13,14.
rem[9], the number of created particles should decrease ex.N€ conservation of the energy-momentum tensor leads to
ponentially for the high frequency modes. Hence, an ultra- .
violet cutoff is imposed and the error produced by doing so p+3H(p+p+I1ly)=0, (30)
is supposed to be small. Our present results will not be af- : : :
fected by this approximation since we are obviously inter—Wherep Is the total energy densitp(=pm+pg) andpis the
ested only in the very long modes.

(28)

total pressureff=pm+pg, Pm=0).
As the two fluids are noninteracting, this conservation
equation can be split into

1. DYNAMICAL EQUATIONS DURING THE MATTER .
ERA PmT3Hpn=0 (31)

Following Ref.[1], we will suppose that, prior to the time and
t;, the dominant material content of the universe has an .
equation of state of the forif8). This stage can be either an pgt+3H
inflationary or a noninflationary one. Af a transition oc-
curs, so that the new barotropic parameter is 4/3. As a result From Eqs.(27), (28), (31), and(32) we obtain[1]
of the transition, tensor perturbations are credi&(,4).
Some of these have wavelengths less thidn(t,) a 1a?

=0. (32

4
§pg+Hg

p
(EGW’s), but most are created with scales larger than 5+§:4WG Pﬁﬁ : (33
H~%(t,) (VLTP’s). A similar phenomenon will occur at a
time t, when the universe becomes matter dominated ( 5
=1). We will further assume that during this matter- a_:%(p +pg). (34)
dominated period and until a time, say, the energy den- a? 3 more

sity pg associated with the EGW'’s is negligible compared . ] ) )
with the energy density of matter,. There is no restriction It iS important to mention that, in the method described in
over the size of the interva),— t,, which can be taken to be [1,3.4], the Bogoliubov coefficients that appear in the calcu-
arbitrarily small. However, after,, the ongoing transforma- s of (N(w)) are evaluated at the transition timgsandt,.
tion of VLTP's into EGW's makes the continuous increaseHence,py(t) is univocally determined in terms @i(t) and

of pg start perturbing the dynamics. Thereafter, the universe(t), that is[1],

can be supposed to be filled by two fluids: dust and the one )

composed by the effective gravitons. Ttutal energy den- pg(t)=pg(alt), a(t)). (35)
sity is thenp,+pg. As gravitons require extremely high _

energies to interact with mattg4,31], the two fluids can be Therefore, the system of coupled equatid@s), (34), and
safely considered to be noninteracting. The effective gravi{39 allows us to obtaira(t), taking into account the back

tons behave as a perfect fluid with equation of sfa@32  reaction induced by the transformation of very long tensor
perturbations into effective gravitational waves.

Let us define

p
Po=g 9 a(t)
Alt)=—— (36)
a
Nevertheless, it is possible to associate a creation pressure
termII, with the creation process of these gravitphk The
field equations are then written as a,=a(t,), (37)
22 a;=a(ty), (38
87G +pg) =3, 2
Pt P9 =35 0 Hi=H(ty), 39
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: (40)

Then Eqs(8)—(24),(31),(34), and the expressions derived
for the Bogoliubov coeficients if3,4] lead to a lengthy set
of equations that enable us to evaluaf€) during the matter
age. These equations take the form

Hl)zl
+K(m—PI A G(t) |,

wheremp, is the Planck mass. The values of the constant
and of the functionG(t) depend whethey=0 (the initial
erais a de Sitter on@r y# 0 (we will restrict our analysis to
inflationary models, so thag<<2/3).

.. H?1
2__ 1=
A A (41

For y=0,
_ 2 42
K_ﬁa ( )
G(t)=| 1+ ! )I + b (r*—1)
= nrt T —
160* 204874
+ b (04| 227) 43)
n|f — Co,
322 by ) °
H,y
= =, (44)
sz’ZA
1674 ! ! (45)
Co=10m'| — — s
0 ‘11 bga'4

j(t)=N4(o,7)sin 61+ Ny(o,7)c0sH,+ N3(0o)cosh,

+Ng(o)sin6,+ Ng(a) (1), (46)
A
6()=4mo(o—1), (47)
Hi
o= dm(o—1) 48
2_b2—0_! ( )
0> Ccosé
=" Sap, (49)
01(1) 0
by [(30+1) , by(1lo°+116°— 7o +1)
Nl((T!T)E_ T — T,
4 o T
(50
Ny(o ) 1{(116°+60-1) , b5 , 51
oOT)=E|—""7FT—T7"—— 7|,
2 2 o 872
(ot b (1102+60-1) -
3(U)=§ a2 o2 I (52

PHYSICAL REVIEW 60 123510

b, [by(116°+1162—70+1) (30+1)

4 T o '

(53

Ny(o)=

b, (o

-1
Ns(o)=— 277—(7)(110% 1102-70+1). (54)

In the above equations the free parameterandb, are
related to the transition time scalég; and At, that are
assumed to take place gtandt,, respectively:

bl 1
Atj=——=—, 55
SHi)  H 59

b, b
Aty=——2 =2 56
“H(ty)  H, (58

Thus, the largeb;, the slower is the transition in compari-
son with the Hubble time &, H, *. It is usual to takeb,
~b,~1, but, as for the first transition, there is no compel-
ling reason to assume that it necessarily occurred in a time
scale of the order off-ll’l in every model. For example, this
transition may occur as fast as 1, * in the “new” in-
flationary scenariof2].

When the first stage is not a de Sitter one, that is,»for
<2/3, y#0, the constank and the functiornG(t) become

K=

4
3 (57)

1
G(t)=——G,(t) + ——C,, 58
(1) 3 1(t) 2m+ 1] 0 (59
where
3 (2-y)
1 1\? 1\? (v
CoEZ m-3 |m+3 f Bm(y)dy+D(y1)—D(y2),
Y2
(60)
m|2m+ 1]
Yis—p (61)
1
_7T|2m+1| 62
= h,0 (62)

D(y)=f1(m,y)Bn(y)+fo(m,y)Bmi1(y)+f3(m,y)Cr(y)

4
y
+_1

o

(63
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T T T ! 6 T T v T v T T T T T T T T T

(AD. 107

1 L L L L
1 25 50 75 100
(th,. 107

FIG. 1. The quantitA=a/a, as a function of timgsolution of
Eq. (41)] for b;=1, b,=1, h;=10"%, y=0.5, and five values of
t,—ty: 3X10Pyr (curve 3, 1 yr (curve b, 3x10°yr (curve 9, FIG. 2. The same as in Fig. 1, but using a logarithmic scale.

10°yr (curve d, and 3< 10" yr (curve @. The dotted curve corre-  Note that all models behave asymptoticallyt48 The logarithm is
sponds taa(t)«t?3. The solutions are insensitive to all parameters, g base 10.

Log (t/t)

exceptt,—t;.
—2mq; 4m —2m-1
1 1 1 3 f(t)=Py(m,o)7 “"Msin, + b—Pz(m,o)r m
fi(my)=— y5+—(m+— (m+— y? 2
4 2 2 2 b
2 1-2m
1 1 2 1 A1 o T COSQJ_"' P3(m,0,b2)COS02
—Pi(m,o)sind,+P,4(m,o)l (1), (71
1 1 1 b2 siné
=_|yo+ — _ — Z|y8 =
fo(my)=zly>+ 5| m+ 5] m z)y } (65) '(t)_Lm)a—zm—lda’ (72)
fa(my)=—sm+3|/y*+ E(m— 5) yz}, (66) PUm. )= o 1= 2m)e (73
b _ (o—=1) (30-2m(1+20) 20(c+1)
Brn(Y)=J2(y) + Y2 (y), (67 2(m,0)= oZ2m+1]| (—2md-2m) ' (o-1) |'
(74)
ColY)=Im(Y)Im+ 1Y)+ Ym(Y)Ymea(y). (68 b, .
P3(m’a’b2)5m_b_2|32(m'0)’ (75
Jn andY,, are, respectively, the Bessel functions of the first
and second kinds of orden, and
5 B 1 4(c—1)] 2™ 30—2m(1+20)
A(Mo)= = o mT 1] | 2m+ 1] (—2m)(1—2m)
1 ?
G,(t)===—InT+P(m,o,b,)| ——— (7 2™ 3-1 2
(=5 ( 2) bg(—2m—3)( ) 20(c+1) 20%2m+1| | 76
(0—1) (0—1)2
b, 1-2m 1
+ 51272(1—2m) (" =D+ 55— f(0]. (69 andT is the gamma function.

IV. NUMERICAL RESULTS AND CONCLUSIONS
—2m

2b20’
I2(—m)|2m+1|, (70

We are interested in evaluatira(t) aftert,; hence the
ml2m+1|

initial conditions are

P(m,O’,bz)E(

123510-6
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Alt)=1 (77)
and
. Hi
Alty)=—. (78)
g

Note that, besidels; andb,, there are three free parameters:

h,;=H,/mp,, (79
o, which we relate to the duration of the radiation etra,
—14, through

0'2:1+2H1(t2_t1) (80)

andm (or, equivalently,y).

We have integrated E¢41) numerically for different val-
ues of the parametets;, b,, h;, v, andt,—t,;. We have
taken as characteristic valueg=1, b,=1, h;=10"%, and
0=<+y=0.6. In Fig. 1 we show the solutions for five values of
t,—t;, namely, 3x10°yr (curve 3, 1CPyr (curve b,
3X10°yr (curve 0, 10°yr (curve d, and 3x 10%yr (curve
e). The dotted curve represents the standard beha(ior

«t?3 The time is measured in units of the time of the be-

ginning of the matter ert. The important thing to notice is

PHYSICAL REVIEW 60 123510

larger than in the standard case, thus representing older uni-
verses. The opposite happens for models described by curves
¢, d, and e.

We have used a logarithmic scale in Fig. 2 in order to
make clear that, asymptotically, all curves behave?dsWe
are led to conclude that, during the matter epoch, the trans-
formation of very long tensor perturbations into effective
gravitational waves changes the expansion dynamics only
neart,. This is in contrast to what happens during the radia-
tion era, as has been shown in Rf]. Therefore, the Sah-
ni's conjecturg 12] will hold only under very restrictive con-
ditions.

We must remark, however, that, in the model analyzed
above, we have assumed a standard evolution from a radia-
tion phase witha(t)t*? to a dust era witha(t)<t?3. We
have not taken into account the modifications in the dynam-
ics generated by the graviton back reaction during the
radiation-dominated period1]. A more realistic model
would consider these modifications ati@na transition to a
matter-dominated era. The numerical work becomes much
more involved in this case. Moreover, primordial nucleosyn-
thesis and the data related to the anisotropy of the cosmic
microwave background will place severe constraints on the
relevant parameters. These questions are presently under in-
vestigation.
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